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We collect some classical results on versal families of ordinary compact Riemann surfaces 
1 needed in [11]. 
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Grauert's theorem: W Stein manifold, E,F -» W holomorphic vector bundles. Then 
E - F as holomorphic vector bundles iff E 2 F as topological vector bundles. In particular 
all holomorphic vector bundles on a contractible Stein manifold are trivial. 



\ see [3] introduction. 

Cartan's theorem B: S coherent sheaf on a Stein manifold W . Then H* (W,S) = for 
^ i all k > 1 . 

q ■ see [9] introduction. 

[8] theorem 10.5.5: If dimc-ff' (X y ,V_ y ) is independent of y e Y then all sheaves /(^ (V_) 
are locally free and all maps 

g : f v ,i ■ fa) oo KAo (10 - ^ (*„,zj 

are isomorphisms. 

Hereby / : X -»• K is a holomorphic family of compact complex manifolds X y := f^ 1 {y) , 
y e Y" , and V_ -» X a holomorphic vector bundle. V_ y ■- Y_\ Xy , and m y < Oy denotes 
the maximal ideal of all holomorphic functions vanishing at the point y e Y . Finally 
fy,i '■ f(i) 00 / m yf(i) 00 H l (X y ,y_y) denotes the canonical homomorphism. 

Lemma 0.1 W simply connected manifold, G group. Then H l (W,G) is trivial. 

Proof: Let W = \Ji U be an open cover and gij ■ Ui n Uj -*■ G locally constant, U{ r\Uj ^ , 
forming a 1-cocycle, so gki9jk9ij = 1 if U n Uj n Uj. j= , and gu = 1 . We have to show 
that after maybe refining the open cover there exist hi : Ui -> G locally constant such that 
3ij = /ij 1 /?.; . 

After maybe refining the open cover we may assume by [4] corollary 5.2 that it is good, 
which means that all finite non-empty intersections of the Ui are diffeomorphic to H n . 
Then of course all gij are constant. 
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Choose io . Take an arbitrary i and a path 7 : [0, 1] -»• W from Ui to Ui . Let Ik a , 
a = l,...,Sfc , numbered increasingly, be the connected components of 7 -1 (Uk) ■ Then 
[0, 1] = (Jk,a Ika is a cover with open intervals, and there exist unique hk a 6 G , such that 
hi 0j i = 1 and = h7*hk a , n ij T f . Since two such paths are homotopic and hi jSi is 
constant under small variation of 7 , we see that infact hi ■- hi :Si is independent 7 . 
~* (hi) 0-chain in G , and taking a path from Ui to Uj over L/j n Uj one sees that indeed 
g i:j = hf-hi . □ 

Theorem 0.2 ir : M -»■ R n smooth family of compact real manifolds. Then M is trivial. 

Proof: by induction on n, inspired by [12] proof of theorem 2.4. 
n = trivial. 

n -> n + 1 : We construct a smooth vectorfield % 6 (TM) such that (c?7r)x = <9i o 7r : 
indeed locally in M such \ exist, so we obtain an open cover M = Ui Ui , without restriction 
locally finite, and Xi € H° (TUi) with this property. Now take a smooth partition (ei) of 
unity subordinated to (Ui) and x : = Ei^iXi ■ 

Let $ be the integral flow to x , so the maximal solution of the initial value problem 
1>l{o}xM = idjw and (d$)d u = \ $ • Since (d7r)x = <9i o 7r we obtain 

RxM 
(idR,7r) ^ 

R x R n+1 
(«,t) 

So since all fibers of M are compact we see 
denote the first component of it . Then 

$IrxM| {0}xR „ : R x M| {0}xR n -> M 

is a strong family morphism with inverse x i-> (7Ti(x), $ (— 7i"i(x), x)) , so a strong family 
isomorphism. Finally by induction hypothesis M|{ } x r« is trivial. □ 

Theorem 0.3 X compact Riemann surface of genus g > 2 , $> e Aut X homotopic to idx ■ 
Then $ = idx • 

Proof: see [10]. □ 

Corollary 0.4 N -» W holomorphic family of compact Riemann surfaces Y w of genus 
g > 2 , W connected, e Aut str0 ng N , u>o e W such that Q\y wq = idy- . Then <1> = id^ . 

Proof: Since IF is connected all $|y ro , w; e VF , are homotopic to idy^, , so equal to idy w by 
theorem 0.3. □ 

For every g e IN let 7^ denote the Teichmiiller space for genus g , constructed as set of 
equivalence classes of marked compact Riemann surfaces of genus g , see for example [1] 
section 2.3. 

Proposition 0.5 

(i) For every genus g there exists a holomorphic family M g -» T g of compact Riemann 
surfaces X u such that the class of X u equals the point u in Mod s . 

(ii) T g is a bounded contractible domain of holomorphy, so in particular Stein. 



O ±7T 

— > M n+1 
^ t + (u,0,...,0) 

that $ is defined on all ft x M . Let m ■ M -» IR 
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(Hi) M g is trivial as a smooth family of compact smooth families. 

Proof: (i) trivial for g = : 7o single point and Mq = C . Explicit construction for g = 1 : 
71 upper half plane, M\ = 71 x C/ (S,T) , S : (u, z) h> (u, z + 1) , T : (u, z) i-> (u, z + u) . See 
[5] section 1 for g > 2 . 

(ii) trivial for g - and g = 1 . For g > 2 by [6] section 2. 

(iii) trivial for g = and g - I ■ For g > 2 by theorem 0.2 since 7^ diffeomorphic to ]R 6( - S_1 ^ , 
see [13] theorem 4.1. □ 

Theorem 0.6 (Anchoring property of M g ) Xei 7Tjv : -»• VF be a holomorphic family 
of compact Riemann surfaces Y w of genus g , W simply connected if g > 2 , W contractible 
and Stein if g < 1 , a : Y^ () -> X UQ , wq e W and uo e T g ■ Then there exists a unique 
ip:W -*7~g such that (p(wo) = uq and (p can be extended to a fiberwise biholomorphic family 
morphism (&,<p) ■ N -*■ M g with &\y wo = (t . If g > 2 then also $ is uniquely determined 
by a . 

Proof: By theorem 0.2 there exists an open cover W = Uj and trivializations 
^Pi '■ N\fii ~* x Y m as smooth families of compact smooth manifolds. On 0^ n Qj , tp^ and 
(fj differ by the strong smooth family automorphism ipj o ipT 1 of (Oj n Qj) x Y Wo , and the 
homotopy class of (<£>j o^ 1 ) (u/,<>) 6 Diff is locally independent of w . W is simply 
connected, so H 1 (W, (Diff 1^, ) /(Diffo iro )) = by lemma 0.1, where Diffo Y Wo denotes 
the normal subgroup consisting of diffeomorphisms homotopic to idy m . So after refining the 
open cover (fij) we may assume without restriction that all [ipj o t^ 1 ) (u;,<>) e Diffo ^u, • 

Choose io with wq e O^ . Then by taking ^idn iQ , ^Violy^ ) j <Pi instead of ipi we ensure 
that <Pi\Y WQ e Diffo Y WQ whenever wo e fij . From now on we identify iV|^ i with Slj x Y^ 
via (fi as smooth families, and for all w e W the homotopy class of tpi\ Y '■ Y w -»■ is 
independent of the choice of i . 

By construction of T g , for every w there exists a unique u w tT g such that there exists 
an isomorphism Y w -*■ X Uw homotopic to a . Of course u WQ = uq . 

Uniqueness: Take ($,<p) as desired. Then &\y w ■ Y w -»• X^^ is homotopic to a , so 
= u w for all u; e W . If g > 2 then also <3? is unique by corollary 0.4. 

Existence: g > 2 : By [5] section 1 there exist, locally in W , fiberwise biholomorphic 
family morphisms ($,</?) : iV -»■ M g . Also by [5] section 1 every orientation preserving 
homeomorphism of Y WQ induces a family automorphism of M g , so without restriction 
&\y w '■ Y w -*■ X^w) is homotopic to a , which implies ip(w) = u w by construction of T g . 
Therefore <p is infact globally defined. Now on their overlaps two local choices of $ differ by 
a strong automorphism of ip* M g homotopic to id^*M g , which so equals id^*M 9 by theorem 
0.3. We see that also $ is globally defined. Finally ®\y wq c _1 6 Aut X Uo homotopic to 
idx„ , so $|y = a by theorem 0.3. 



g = 1 : (ttn)^ (T rel iV)* is globally free of rank 1 by [8] theorem 10.5.5 and Grauert's theorem 
since W is contractible and Stein, so let oj be a global frame such that uj (wq, 0) = a*dz . Let 
A and B be the pullbacks of the straightlines [0, 1] resp. [0, no] under cro ip^y . They are 
closed curves in Y w , whose homotopy classes are independent of i and generate tt\ (Y w ) . 
Therefore 

i(),(p ■■ W C , w / oj(w,0) resp. / oj(w,0) 
J A JB 
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are well-defined and holomorphic on W , ip(w),<p(w) linearly independent over H for all 
w eW . ip(wo ) = 1 and (p(wo) = uq . After multiplying u with ^ we may assume that 
ip = 1 . Then c 71 . Locally in take a holomorphic section q of N . So locally in 

W , (<&, given by 



is a fiberwise biholomorphic family morphism N -> Mi . On their overlaps two such locally 
constructed $ differ by a translation with a holomorphic section of </?*M 1 . Since W 
contractible and Stein, H l (W, ip* Mi) = by Cartan's theorem B, and so $ can be defined 
globally. Finally ®\y wq ° 0-1 6 Aut X uo is a translation r a with some a e C , and so taking 
r_ a o $ instead of <& ~» $|y = cr . 

(/ = : Locally in W take holomorphic line bundles L -» N such that L® 2 = T xc[ N . ~* open 
cover = Uj and holomorphic line bundles -»■ A^ such that Lf 2 = T rcl A . After 
refining the open cover we may assume that it is good, see [4] corollary 5.2. 
[Li ® £*)L is trivial for all w e U nUj . Therefore (ttn)* [Li ® L*) is a locally free sheaf 
on Ui n [7j of rank 1 by [8] theorem 10.5.5, so every local frame yields an isomorphism 
ipij : Li -> Lj locally in Ui n Uj , and we may assume that ^f 2 = id T id N . Infact we can 
construct a global ip^ on Ui n Uj : Two local choices of ipij differ by multiplication with ± 1 , 
and so we see that the obstructions to define ipij globally on tynUj lie in H 1 (Ui n Uj, {±1}) , 
which vanishes since U n Uj is contractible. 
Without restriction ipji = ip~l . Then 



form a 2-cocycle in {±1} . H 2 (W, {±1}) = since W is contractible, and so without 
restriction all = 1 . Therefore all Li glue together to a holomorphic line bundle L -» N 
with L® 2 = T rcl A , so in particular L is of rank 1 . 

By [8] theorem 10.5.5 and Grauert's theorem since W is contractible and Stein 
(tt n )^L 2! , so let (f,h) be a global frame. $ := { e M(N) , is holomophic 

apart from one single pole for every w . So : A -> C is fiberwise biholomorphic. Compo- 
sing $ with a suitable element of Aut C = PSL(2,C) ~* ®\y wq = <t . D 

Theorem 0.7 (Infinitesimal universality of M g ) (dM g ) u : T u T g -+ H 1 (TX U ) is an 
isomorphism for all u eT g . 

Proof: Surjectivity: Let /3 e H 1 (TX U ) . Since H 2 (TX U ) = , by [12] theorem 5.6 there 
exists a holomorphic family N -» A of compact Riemann surfaces Y w , A c C a disc around 
, such that Yq = X u and (3 = (dN)od w . By the anchoring property of M g there exists a 
fiberwise biholomorphic family morphism (<p, <3?) : N M g with (f(0) = u , <3?|y = idy , and 
so by the chain rule j3 = (dN)od w = (dM g ) u (dip)od w . 
Injectivity: by equality of dimension. □ 

Theorem 0.8 The modular group T g acts properly dis continuously on T g ■ 
Proof: obvious for g < 1 , see [5] section 2 for g>2.o 

Theorem 0.9 {id^, J} is a set of representatives for (Aut str0 ng Mi)/ {translations} , 
J ■ (u>, z) h> (w, -z) , 

Aut s trong M2 = {idjvf 2 1 J} > J the hyperelliptic reflection, and 




Vijk : = ipki 4>jk ipij e Aut Li 



Aut s trong M g = {id Mg } for g>3 . 
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Proof: simple calculation for M\ . 

By [1] section 2.3 the hyperelliptic reflection J is in Aut s t r0 ng M2 \ {idM 2 } • Let 

$ e Aut str ong M2 • By [14] theorem 1 there exists u e T2 such that Aut A u = {idx„, </|x„} , 

and so $ = idM 2 or $ = J by corollary 0.4. 

Finally let e Aut str0 ng M a , g > 3 . By [2] there exists uzT g such that Aut A u = {idx„} , 
and so <E> = idM 9 by corollary 0.4. □ 
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